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Abstract 

Any discrete action of a group on a locally compact Hadamard space extends to 
a topological action on the virtual boundary. Croke and Kleiner introduced 
a class of so-called admissible actions and associated geometric data which 
determine the topological conjugacy class of the boundary action. They also 
posed the question whether their results hold for a wider class of actions. 

We show that, for the natural generalization, their question has to be answered 
in the negative: There is an admissible action of higher rank on a pair of 
Hadamard spaces with equivalent geometric data and an equivariant quasi- 
isometry which does not extend continuously to the virtual boundaries. 

1. Introduction 

We consider groups acting properly discontinuously and cocompactly by isometries on 
a Hadamard space, by which we refer to a complete, connected, and simply connected 
length space of non-positive curvature in the sense of ALEXANDROV. As an isometry of 
a Hadamard space extends canonically to a homeomorphism of its virtual boundary, 
consisting of the asymptoty classes of geodesic rays endowed with the topology of 
uniform convergence on compact sets, any such action induces a topological action on 
the virtual boundary. 

Croke and Kleiner introduced in [CK02J a class of so-called admissible actions on 
Hadamard spaces and associated invariants, the geometric data of the action, which 
determine the topological conjugacy class of the boundary action. In particular, they 
show that any equivariant quasi-isometry extends canonically to a homeomorphism 
between the virtual boundaries, provided the geometric data of two admissible actions 
coincide up to scale. From the graph of groups decomposition of the admissible group 
the authors derive an arrangement of convex subspaces in the Hadamard space, the 
edge and vertex spaces. In a non-positively curved graph manifold these subspaces 
correspond to the universal covers of the Seifert pieces, resp. their boundary tori. 
Employing this decomposition they show that any geodesic ray which is not asymptotic 
to some vertex space can be approximated, up to uniformly sublinear error, by the 
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quasi-isometric image of a geodesic ray in a so-called template, a model space for the 
sequence of edge spaces intersected by the geodesic ray. 

This article addresses the question raised by CROKE and KLEINER in |CK02] as to 
what extent the methods unravelled therein might be applicable to a wider class of 
actions. Geometrically pertinent is the case of an admissible action of higher rank, i.e., 
virtually free abelian groups of higher rank being carried by the edges in the graph of 
groups decomposition, and the generalized notion of geometric data for such an action. 
Despite the fact that most of the construction as in |CK02] is indeed attainable in 
our generalized case, quasi-isometries fail to relate geodesic rays in the Hadamard 
space to geodesic rays in a template as approximatively as in the low dimensional 
case. Exploiting this repercussion, we show that, for the natural generalization, the 
aforementioned question has to be answered in the negative: 

THEOREM: There is an admissible action of higher rank on a pair of Hadamard spaces 
with equivalent generalized geometric data and an equivariant quasi-isometry which 
does not extend continuously to the virtual boundaries. 

In the last section we briefly demonstrate how for admissible rank 3 actions the 
equivalence of geometric data can be established in case an equivariant quasi-isometry 
extends continuously to the virtual boundaries. 

2. Preliminaries 

The present section reviews some material on metric spaces of non-positive curvature, 
isometric group actions upon them and graph of groups. Detailed expositions of this 
material can be found in |Bal95] , [BH99] or |Gro 07j , as well as [Ser80j , while we rather 
have adopted the notation from [D D89] . 

2.1. Hadamard spaces 

A map $ between metric spaces (X, d x ) and (X',d x ,) is called an (L, ^-quasi- 
isometric embedding if for all x,y e X 

-d x ,($(x),$(y)) - A< d x (x,y) < Ld x ,($(x), +A 

holds. An (L, ^4)-quasi-isometric embedding is called an (L, ^4)-quasi-isometry if its 
image is A-dense in X' . Every quasi-isometry $ has a quasi-inverse; i.e., there is a 
quasi-isometry ^ such that ^ o $ lies within finite Hausdorff distance of the identity. 
A quasi-geodesic is the quasi-isometric embedding of an interval. The image of a 
quasi-geodesic does in general not lie within finite Hausdorff distance of a geodesic, 
yet each quasi-isometry induces a homeomorphism between the ends of the spaces. 

By a Hadamard space we mean a complete, connected and simply connected length 
space of non-positive curvature in the sense of ALEXANDROV. The metric of a 
Hadamard space is convex; therefore it is uniquely geodesic by the Cartan-Hadamard 
theorem. A locally compact Hadamard space is proper by the Hopf-Rinow theorem. 

Let r ^ X be a geometric action, i.e., properly discontinuous and cocompactly 
by isometries, on a locally compact Hadamard space X. Then, by the Svarc-Milnor 
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lemma, T is finitely generated and for any x e X the mapping r -> 1 , 7 ^ 7.x is 
an equivariant quasi-isometry with respect to a word metric on V. In particular, all 
word metrics with respect to finite generating sets on V lie in the same quasi-isometry 
class. Furthermore, each isometry 7 e V is semisimple; i.e., its displacement function 
x i-> 5j(x) = dx(j-x,x) attains its minimum \y\ x - The translation length \ .\ x is 
invariant under conjugation "7 = 07a -1 . For each 7 e V the minimal displacement set 
Minx(7) = {x e X | <5 7 (x) = |7|x} is nonempty and invariant under every isometry 
commuting with 7. Since the displacement function <5 7 is continuous and convex, 
Minx (7) is closed and convex. If 7 is hyperbolic, then Minx (7) is the union of the 
axes of 7 and splits as a metric product FxR; here Y is a complete convex subspace 
of X and the real fibres are the axes of 7. Every isometry commuting with 7 is 
compatible with this product structure and splits as a product of an isometry of Y 
and a translation of the real factor. If A is a free abelian subgroup of T, the following 
properties hold: 

• A is of finite rank, say rk A = k. 

• Mm x (A) = r\ ryeA Min x (j) is nonempty and splits as a metric product Y x E fc of 
a complete convex subspace Y of X and a Euclidean space of dimension k. 

• Minx(A) is invariant under the action of the normalizer Np(A) 

• The centralizer Cr(A) has finite index in Np(A). 

• Every isometry a normalizing A is compatible with the abovementioned splitting 
of the minimal displacement set; i.e., if x = (x,xe) e Minx(A) with respect to 
the product structure, there are isometries a e Iso(Y) and e Iso(E fe ) such 
that a.(x, xe) = (a.x, qe-xe)- 

• oe is a translation of E fe for each a e Cr(A). 

• A acts trivially on Y and cocompactly on the Euclidean factor; hence the 
quotient is a fc-torus. 

• The induced action of Nt(A)/a on Y is properly discontinuous. 

LEMMA 1: Let T be a group acting geometrically on a locally compact Hadamard space 
X and A a free abelian subgroup. If (1, . . . Xk denote free generators A, then, for each 
R > 0, the centralizer Cr(A) acts cocompactly on Mr = {x € X \ Y,^ Sq(x) ^ R}. 

Proof: Since Mr is proper, it suffices to show that for any sequence x n e Mr there is 
a sequence £ n e Cr(A) such that a subsequence of £ n .x n converges. By cocompactness 
of the T-action we may assume, without loss of generality, that there are j n € T such 
that y n = j n .x n converges to an j/oo and d x { ln Qi.y x> ,y x >) ^ 1 + R for all n e IN and i ^ k. 
Since T acts properly discontinuously, the set E = { 7n Ci is finite. Thus, 

possibly after replacing n h> ( 7n £i,... , 7 "Cfc) 6 ^ k by a subsequence, we can assume 
it to be constant. Then £ n = 7f 1 7„ e C r (A) for all n e IN, and £, n .x n converges to 
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Corollary 2: Cr(A) as well as Nr(A) act cocompactly on Minx (A) and are , as a 
consequence, finitely generated. 

COROLLARY 3: If for some R > the set Mr is nonempty, the Hausdorff distance 
between Mr and Minx (A) is finite. 

Two geodesic rays in a locally compact Hadamard space X are called asymptotic 
if their Hausdorff distance is bounded. The virtual boundary d^X is the set of 
asymptoty classes of geodesic rays in X endowed with the topology of uniform 
convergence on compact subsets. For each x e X and y e d^X there is a unique 
geodesic ray starting at x and representing p which we denote by xf. For a geodesic 
ray c let c(oo) denote its equivalence class in d^X. Every isometry of X extends 
to a homeomorphism of its virtual boundary. An isometric action T ^> X therefore 
induces a topological action T ™ d^X. Let C be a closed convex subspace of X. Then 
d^C is closed in d^X. If C is another such subspace within finite Hausdorff distance 
of C, then d^C - d^C . The virtual boundary of the product of two Hadamard 
spaces is naturally homeomorphic to the topological join of their virtual boundaries. 
In particular, the virtual boundary of JxE" is homeomorphic to the n-fold suspension 
of d x X. 

Recall that an (L, ^4)-quasi-geodesic in a Hadamard space X does not necessarily lie 
within finite Hausdorff distance of a geodesic. But in the case that X is (^-hyperbolic, 
there even is a constant C, depending on L,A and S only, such that the image of 
any (L, ^4)-quasi-geodesic segment has Hausdorff distance at most C to the geodesic 
segment connecting its endpoints. Each quasi-geodesic ray thus defines a point in 
the virtual boundary, and every quasi-isometry between hyperbolic spaces extends 
continuously to a homeomorphism of their virtual boundaries. 

2.2. Graphs of groups 

A graph of groups IV(_) consists of a connected graph with edges $ and 
vertices "V together with a family of groups T<g(A), A 6 $ u "V and monomorphisms 
i E : Ty(E) •->■ T^(d ± E) for each E e £ . An action of a group T on a connected graph 
3£ induces a graph of groups on the quotient = <^T/r as follows: For each edge or 
vertex A of <S fix an a e A and let T^(A) = T a . For the representative e of an edge E 
let 7g e T such that 7* d ± e represents d ± E. For an edge E of and the representatives 
e and v ± of E and d ± E the required monomorphisms are given by a i-> 7e a = 7e «7e 1 
from Fy(E) = T e < T d ± e to ^T d ± e = r 7 ±. 9±e = F^(d ± E). 

Let r^(_) be a graph of groups and % a maximal subtree of with edges 
The fundamental group 1 TT\(T<g (_),%) of T^(_) at % is defined by the presentation 
given by the generators [te \ E e u Uygy and the relations of each vertex 

group together with T E L E ( r y)r E 1 = ^(7) for all edges E of 5f and 7 6 Ty(E) as well 
as t e = 1 if E e Sq. The isomorphism class of the fundamental group depends on 
neither the choice of the maximal subtree 5f nor the isomorphism class of the graph 
of groups. 

1 Let Sf' denote the barycentric subdivision of C S . A graph of groups Fc#(_) is then a £f '-diagram G 
in the category of groups with monomorphisms, and ni(Tcg (_),%) = colimG. 
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EXAMPLE: Let 5f be the graph with a single edge E incident to distinct vertices V, W 
and r^(_) a graph of groups with A = F^(V), B = F^(W) and C = F^(E). Its 
fundamental group is isomorphic to the amalgamated free product 2 A* c B. 

Example: Let 3f be the graph with one edge E and one vertex V - d~E = d + E only. 
A graph of groups over §f then consists of two groups A and C and two monomorphisms 
from C into A. Its fundamental group 3 is an HNN-extension A* c of A over C . 

The fundamental group of a graph of groups over a finite graph ^ at a 

maximal subtree 5f c £f can be calculated by employing the two basic constructions 
mentioned above: For each edge E of 5f a new graph of groups is defined by replacing 
E together with its adjacent vertices by a single vertex carrying the amalgamated 
free product T^(d~E) *r w (E) ^^{d + E). Finitely many such reductions yield a rose 
shaped graph, each petal corresponding to an edge of 3f \3f Q . The fundamental group 
now results from successively deleting the remaining edges while replacing the single 
vertex group by the respective HNN-extension. 

On the other hand, for a graph of groups IV(_) with fundamental group V the 
sets V = \Jver^ /T^(V) and <§ = Uee*? 1 " IV^(E) together with the boundary maps 
jT^(E) i — > r yTy(d ± E) define a tree SF upon which T acts; it is called its Bass-Serre 
tree. The graph of groups induced on the quotient ^/T is isomorphic to For 
a maximal subtree 5f c each generator te of an edge E not in ^ corresponds to an 
element of the topological fundamental group of 5f and acts as a translation on 2?\ in 
particular, TE-d~e = <9 + e holds for any lift e of £\ 

3. Admissible actions 

In what follows, we will generalize the class of group actions which CROKE and 
KLEINER introduced in [C K02] as admissible actions. Therein the authors classified 
admissible actions by a family of functions defined on the edge and vertex groups. 
Additionally there is an evident generalization of these so-called geometric data for 
the wider class of actions we consider here. 

3.1. Admissible graphs of groups 

Recall that two subgroups A and B of a group G are commensurable if A n B has finite 
index in both A and B; we will then write A ~ B. They are conjugate commensurable if 
there is a g e G such that 9 A = {gag' 1 \ a e A} ~ B. Let Comm G (A) = {g e G \ 9 A ~ A} 
denote the commensurizer subgroup of A in G. 

Definition 4: A graph of groups r^(_) is admissible of rank k if ^ is finite, contains 
at least one edge and the following conditions are satisfied: 

2 In this case, = and a graph of groups over Sf is a pushout diagram of two 
monomorphisms . 

3 Cutting a Riemannian surface X of positive genus along a non-separating simple closed geodesic 
results in a Riemannian surface X' with two additional boundary components Yj and Y 2 . The 
embeddings S 1 - Y i ■-> X' induce two monomorphisms from Z into 7r 1 (X') and 7r 1 (A) = tt 1 (X')* Wi . 
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(i) Each vertex group V^(V) is an extension of a non-elementary hyperbolic group 
by a free abelian subgroup A(V) < T^(V) of rank k - 1. 

(ii) Each edge group Ty(E) is vitually free abelian of rank k. 

(iii) If E is an edge incident to V = d e E 1 then for every 7 e F^(V) \ t e E {T^(E)\ the 
image of T^(E) in T^(V) and its conjugate under 7 are incommensurable. For 
another edge E' incident to V the images of T^(E) and T^(E') in T^(V) are 
not conjugate commensurable. 

(iv) For any edge E the preimages 4 C E X h.{d~ E) and i E 1 A(d + E) generate a 
subgroup of finite index in Ty(E). 

A geometric action of a group T on a locally compact Hadamard space is admissible 
of rank k if T is isomorphic to the fundamental group of an admissible graph of groups 
of rank k. 

EXAMPLE (Torus complexes): Let Tj, i ^ m + 1, be a family of flat 2- Tori, each 
containing a pair of non-homotopic simple closed geodesies oti and /3j such that 
KPi) ~ K a i+i)- Identifying and ctj+i and endowing the resulting space with the 
induces length metric yields a compact space Y of non-positive curvature. 

This construction determines a graph with m vertices Vi = {Ti uTj + i)/{^ _ ai+l } 
and m — 1 edges Ei - V{ n Vi+\. The resulting graph of groups, each edge or vertex 
carrying its fundamental group, is admissible of rank 2: Each vertex is homeomorphic 
to the product of a figure eight and a loop; hence its fundamental group is isomorphic 
to F2 x Z. Every edge Ei is incompressible in each of the vertices incident to it, the 
maps from iri(Ei) in TTi(Vi) and 7Ti(Vi + i) are therefore injective. The generators 
of the edge group 7Ti (Ei) ^ 1? each map to a generator of either the infinite cyclic or 
the free factor of an adjacent vertex group. 

The universal cover X of Y is, by the Cartan-Hadamard theorem, a locally compact 
Hadamard space upon which vri(y) acts geometrically. By the van Kampen theorem 
7Ti(y) is isomorphic to the fundamental group of the abovementioned graph of groups. 
The action tt\(Y) ^* X is therefore admissible of rank 2. 

EXAMPLE (Generalized graph manifolds) : A generalized graph manifold of dimension 
n + 2 is a closed differentiable manifold M consisting of a finite union of blocks 
Mi = Ni x T n , where each iVj is a compact, orientable Riemannian surface Ni with 
nontrivial boundary and of negative Euler characteristic. The connected components 
of the boundary of a block are (n + l)-tori, and blocks are glued amongst themselves 
by identifying two boundary tori via diffeomorphisms in such a way that no two torus 
fibres of different blocks are homotopic. 

This defines a graph with the blocks as vertices and an edge between two vertices 
if connected components of their boundary are identified. Letting each edge or vertex 
carry the fundamental group of its defining block or boundary component yields a 



4 By (i) we can assume each subgroup A(d ± E) to lie in the image of 1% since a finite extension of a 



hyperbolic group is hyperbolic as well. 
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graph of groups whose edge and vertex groups are free abelian of rank n+1 and direct 
products of a fuchsian group and a free abelian group of rank n respectively. 

In case M carries a metric of non-positive sectional curvature 5 , it follows, just like 
in the previous example, that the action of the fundamental group on the universal 
cover on M is admissible of rank n + 1. 

EXAMPLE (Poincare duality groups): If a group is isomorphic to the fundamental 
group of a graph of groups, then each edge represents a splitting of the group as 
an amalgamated product or an HNN-extension. A graph of group decomposition of a 
group which thereby comprises all possible splittings as amalgamated product or HNN- 
extension over a certain class of groups up to conjugacy is called JSJ-decomposition 6 . 
JSJ-decompositions of Poincare duality groups over virtually polycyclic groups are 
presented in [SS03J and [SS07J. 

Let r be a Poincare duality group of dimension n+1 acting geometrically on a 
locally compact Hadamard space X and assume the edges of special Seifert type and 
the atoroidal edges of its JSJ-decomposition as in SS07". Theorem 5.1] to be trivial. 
Then the action of T on X is admissible of rank n. 

WALL conjectured in [Wal03, Conjecture 10.5, p. 91] that strictly atoroidal Poincare 
duality pairs of dimension 3 are in fact relative hyperbolic. Should this prove true, one 
should be able to adopt techniques from [Hru05] and [H K05] in order to obtain results 
on actions of Poincare duality groups of dimension 3 on Hadamard spaces without the 
aforementioned restriction. 

LEMMA 5: Let r be a group which acts geometrically on a locally compact Hadamard 
space X. This action is admissible of rank k if and only if there is a T-finite T-tree 
£T and a T-equivariant family A a of normal subgroups of the stabilizers T a of the 
simplices a of 2? with the following properties: 

(i) For each vertex v the subgroup is free abelian of rank k — 1, Comm r (A„) = T v 
and T v /\ is non-elementary hyperbolic. 

(ii) For each edge e the subgroup A e is free abelian of rank k, ^ e /A is finite and 

(iii) For any two consecutive edges e and e' the subgroups A e and A e , are 
incommensurable. 

Proof: To begin with, we will show that the Bass-Serre tree 2f of an admissible 
graph of groups satisfies the conditions above: For each edge or vertex a of 2? let A a 
be the equivariant lift of the normal free abelian subgroup of rank k or k - 1 resp. in 
Tcg(T.a). Let e be an edge of 3* and v a vertex incident to it. Since T v acts by semi 

5 See |Sve05| for necessary and sufficient conditions for the existence of such a metric. 

6 This term has been coined by Sela in [Sel97 for the characterization of graph of groups 
decompositions of torsion-free hyperbolic groups, referring to the work by Waldhausen |Wal68 
on characteristic submanifolds of 3-manifolds and the subsequent results by Jaco, Shalen |JS79| 
and Johannson |Joh79j . 
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simple isometries on the Hadamard space X and is normal in T v , a finite index 
subgroup of centralizes A„. Thus, for any £ e A„ 

r 5 . e = f r e ~ *(r e n c Tv (A v )) = r e n c r jAj ~ r e 

holds, and £ € T e by Definition 0] Since ^ is finite, we can assume, possibly after 
replacing A„ by a characteristic subgroup of finite index, that A„ < A e for any vertex 
v incident to an edge e. It remains to show that Comm r (A„) < T v for every vertex v. 
Note that for any vertices v and w adjacent to the same edge both A^ r\A w and A^A^ 



are free abelian. A V A W has finite index in A e by Definition H] (iv) and is therefore 
of rank k by Definition [4] |(ii)| hence A v n A w is of rank k-2. For any edges e * e' 
incident to the same vertex v the subgroups T e n T e , and A v are commensurable. Fix 
7 e r \ T v . There is a geodesic path (v e 1 v 1 . . . e n v n ) of length n ^ 3 in with v 1 = v 
and v n _ 1 = j.v. Since A^ < A < T v ^ and 7 A V = A 1V <T V , we deduce from 

A, n X < r„ Q n T Vn < (1^ n T.J n (r e2 ng~ n A^ = Z k ~ 2 

that A^ and ^A v are not commensurable. 

Now, let S? be a tree and T ^ ^ an action with the required properties. The graph 
of groups on the quotient = ^ \Y satisfies the first three conditions of Definition 
H] quite obviously. Let E be an edge of <S and e e E a lift to $3 ' , If A^-gA^+g 
were not of finite index in A e , the subgroups A a and A a+ were commensurable and 



r^+g < Commr(Ag- e ) contradicted property (i 



In particular we have for an admissible action r X of rank A; that Cr(A a ) ~ 
Nr(A a ) = Commr(A a ) = T a for any simplex a of the Bass-Serre tree of the graph of 
groups decomposition of T. 

REMARK 6: Let T be a group, X a locally compact Hadamard space and T ^ X an 
admissible action of rank A;. The decomposition of T as an admissible graph of groups 
is unique up to isomorphism. 

We omit the proof, which is an easy variation on |CK02| Lemma 3.7]. 



3.2. Geometric data 

We will now define the geometric data of an admissible action. Let r ^ X be 
admissible of rank n + 1 and let 8? denote the Bass-Serre tree of the graph of groups 
decomposition of T. 

Recall, that for a vertex v of the minimal displacement set Y v = Minx (A,,) is a 
nonempty, r„-invariant, closed and convex subspace of X. It splits as a metric product 
Y v = Y v x E„ of a convex subspace Y v and an ra-dimensional Euclidean space E„. The 
isometries in T v respect the product structure in the sense that for any 7 e T„ there 
are isometries 7 € Iso(y^) and 7^ e Iso(E„) such that 7-(x, xe) = (7.5, te-^e) f° r 
any x € Y v with coordinates (s,xe) with respect to the splitting. Furthermore, the 
action of A v is trivial on the first factor and as a lattice on the Euclidean factor. The 
action of T v on Y v therefore factorizes over A„, and C r (A v )/ Av 

acts geometrically on 
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the locally compact Hadamard space Y v . In particular, Y v is a hyperbolic space with 
more than two ends by Lemma |5] (i) 

The first geometric datum at a vertex v is defined, analogous to [CK02, Definition 
3.9], as the function on T v which maps each isometry to its minimal translation length 
on the hyperbolic factor of Y v : 

MIA, : r^^R^o , 7^ \l\y v 

Since the action of T v on Y v factors over A v , we may also regard to MLSj, as being 
defined on their hyperbolic quotient 7 . 

In order to define the second geometric datum we consider for a vertex v the real 
vector space ®^ R = R n . The mapping A v ->• R , £ \C\x induces a scalar product 
< . , . > on A„ ®^ R whose norm we denote by || . ||. Thus, by virtue of the A„-action, 
the Euclidean factor E„ of Y v becomes canonically isometric to A V <8> Z H and a choice 
of generators ^ . . . , £ n of A„ yields a basis of A v ®^ R. The centralizer of A„ acts by 
translations on ~E V . For each 7 e Cr(A„) let 7 = (gi, . . . ,g n ) denote the coordinates 
of its translation vector 7^ in A„ ®^ R = E„ with respect to the basis £1, . . . , £ n . We 
now choose, in an equivariant way, generators of A^ for each vertex v in 2? . The 
homomorphism of groups 

T„ : C r (AJ->R™, 7 ^7 

then constitutes the second geometric datum at the vertex v. The following example 
illustrates how this mapping does indeed carry geometric information, even if T v is a 
product. 

EXAMPLE: Let Y be the Cayley graph of the free group F2 on two generators /i,/2 
and (ft the homomorphism from F2 to Z defined by f\ h> 1 and ji >-»■ 0. For each t e R 
the group F2 x Z acts on Y x E by (g, k).(y,r) = (g.y,r + k + tcft(g)). Choosing 1 as 
generator of Z we then have T(g, k) = k + tcft(g) for (g, k) e F2 x Z. 

The families {MLS v } ve y and {T v }ve V are called the (generalized) geometric data of 
the admissible action r^X They are invariant under the action of V, for the families 
{Y v } ve -f are equivariant and the translation length of an isometry is invariant under 
conjugation. In particular, the geometric data can be considered as being defined on 
the vertex groups of the graph of groups over & = 2? /Y- 

Let r ^ X' be another admissible action of rank n + 1 and {MLS'u}^,^ together 
with {T' v } v( .y its geometric data. The geometric data of the two actions are equivalent 
if for each vertex v there is a \(v) e R >0 such that MLS(, = A(w)MLS 1 , and T^ = T v 
hold 8 . 



7 In case X is a generalized graph manifold, the map MLS„ corresponds to the marked length 
spectrum of the Riemannian surface in the block v. 

8 Presumably, the choices of generators of A„ coincide for both actions. 



9 



4. Proof of the Theorem 



In this section we will construct a pair of admissible rank 3 actions with equivalent 
geometric data and an equivariant quasi-isometry between the respective Hadamard 
spaces which does not extend continuously to a homeomorphism of the virtual 
boundaries. 

The perception of this example arose from our efforts to obtain a generalization of 
Theorem 1.3 in [C K02] for admissible actions of higher rank. In their paper CROKE 
and KLEINER define the edge and vertex spaces, mentioned in the introduction, to be 
certain tubular neighbourhoods of the minimal displacement sets of the free abelian 
subgroups of the edge and vertex stabilizers resp.; even though their construction 
carries over nicely to our generalized case we will refrain from making this precise. 
The authors' proof relies heavily on the fact that in case of a rank 2 admissible action 
any geodesic segment in the Hadamard space diverges at most sublinearly from the 
quasi-isometric image of a corresponding geodesic segment in the so-called template 
of its route; a template is a piecewise Euclidean model for the sequence of edge and 
vertex spaces a geodesic segment or ray traverses. Given an admissible action of higher 
rank there are geodesic rays that pass through a sequence of edge and vertex spaces 
with a common Euclidean factor of positive dimension. The corresponding template 
therefore decomposes into a product of an Euclidean factor and a template of lower 
dimension. Even though the unit speed reparametrization of the projection of any 
segment of such a ray onto the non-Euclidean factor corresponds up to sublinear error 
to a geodesic segment in the lower dimensional template, still, the geodesic segment 
and the quasi-isometric image from the template might diverge at a rate proportional 
to arclength. By gluing such products we are able to construct a sequence of geodesic 
segments that violate any sublinear estimate as in |CK02[ Theorem 5.1]. 



4.1. Construction 

First of all, we define a continuous family of homotopically equivalent compact, non- 
positively curved length spaces Y £ . The actions of T = 7r 1 (y^) on their universal covers 
will then be shown to be admissible of rank 3 with equivalent geometric data. 

The topology of Y is easy to describe: We fix a disjoint family of nine 3-tori with 
a choice of pairs of non-homotopic incompressible 2-tori in each of them as well as 
homeomorphisms between pairs of these 2-tori lying in distinct 3-tori. Glueing the 
3-tori along the mapping cylinders of these homeomorphisms yields a connected space. 
The thorough construction goes as follows: 

For e > let e i = e for i = 2,3 and e i = e x = for i = 0, 1. Now define E x z Ef = 
T 3 x[0,£j] to be nine (thickened) flat tori with coordinates (r, s, t; u) and radii given by 

(r, s, t; u)f = (r + —=k, s h — —I, t + V2m; u)f for i = 2, 3 , 

V 2 v 2 

(r, s, t; 0)f = (r + k,s + l,t + V2m; 0)f for i = 0, 1 , 

and 

(r, s, t; 0) x = (r + V2k, s + V21, t + V2m; 0) x 
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for any (k,l,m) e 1? . These pieces are glued along ten cylinders Cf S Cf S T 2 x [0, 1] 
with coordinates (r,s,u)f and radii as to make the equivalence relation generated 
by the following equations become compatible with the Z 3 -action (compare Figure [A] 
for an illustration of the fundamental domains and the respective identifications for a 



two-dimensional subspace 


in case e = 0) : 






O,~s,t;0)o ' 


-(a,t;0)S 


(M;l)o r 


-(a,-a,t;0)J 


(*,<M;0)J • 


-(a,t;0)f 


(M;i)i - 


- (W;0)£ 


(0,M;e)2 ' 


-(M;0)£ 


(s,t;l)2 - 


- (0 >S ,t;e)f 


(4.1) (W;0)£. 




(«,t;l)3- 


-(a,0,t;0)g 


(s,-s, t;0)o ' 


-(s,i;0)" 




-(a,0,t;0) x 


(a,*,0;0) x • 


«(M;0)J 




- (-s,s,t;0)o 



Let a*, /3* , 7*, and a x , 7J, 7* denote the loops defined by the coordinate lines on 
the corresponding 3-torus in the canonical order. Now, define Y e as the quotient 
of the disjoint union of the tori and cylinders by the equivalence relation defined 
above. Endowed with the induced length metric this construction yields, for any 
e ^ 0, a compact connected non-positively curved geodesic space Y e . Its universal 
cover X £ = Y £ is a locally compact Hadamard space. 

By stretching the interval factor of the cylinders in by (1 + 2e) and mapping 
the 3-tori accordingly we obtain a mapping from 5^ into Y £ . This mapping is one to 
one on all the vertices but V%- The 3-tori therein are mapped into the 3-torus-fibers 
over in the interval factor of the thickened 3-tori in Y £ . The lifting of this homotopy 
equivalence to the universal covers is a quasi-isometry which we denote by $ £ . 

4.2. Admissibility and geometric data 

In order to show that the action of T = tt 1 (Y £ ) is admissible we consider Y £ as a graph 
of spaces with eight vertices Vq - Eq u Cq u Ef u Cf u E x and Vf = Ef u Cf u Ef +1 
for i = 1, 2, 3 and nine edges E x = V n V + and Ef = n Vf for i = 0, 1, 2, 3. Then 
r has a graph of groups decomposition over the graph 




with egde- and vertex-groups T^(E X ) s r^(£f ) = Tr^Ef) = Z 3 , I^tf) = Tr^tf ) = 
F 2 x Z 2 and T 9 (V^) = ^(Vq) = F 3 x Z 2 . The center of each vertex group is generated 
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by the fundamental group of the cylinder 9 along which the 3-tori are glued, so define 
A<^(Vq) = 7t 1 (Cq ) = 1? . Any edge group is generated by the centers of its adjacent 
vertex groups and its image in either vertex group is generated by its center and 
a generator of its free factor. For any two adjacent edges these elements of the free 
factor do not coincide. Therefore, the images of any two groups carried by consecutive 
edges are not commensurable. Every quotient ^liYt) I Ti^Cf ) is a free group on either 
two or three generators; hence it is non-elementary hyperbolic. In summary, we have 
shown: 

PROPOSITION 7: The action of T on X e is admissible of rank 3. 

If v is a lift of a vertex V* to the Bass-Serre tree of the free abelian subgroup 

A v is the lift of the center of the vertex group into the stabilizer T v . Its minimal 
displacement set Minx £ (A^) is isometric to the universal cover of V*. Therefore we 
get a r^-equivariant isometric embedding of Mmx Q (A v ) into Minx e (A^) by identifying 
the 3-tori of the vertex spaces c Y Q with the innermost 3-tori of the thickened vertex 
spaces V% c Y £ . Since the generalized geometric data are determined by the actions 
of the vertex stabilizers on these minimal displacement sets, we have proved 

PROPOSITION 8: For any e > the generalized geometric data of the T-actions on X 
and X £ are equivalent. 

4.3. Geometric decomposition 

Let S? denote the Bass-Serre tree of The space X e is the union of walls W e , 

one for each edge e e and strips 5( e ,e') f° r consecutive edges e, e' e SF: For any 
edge e e 8F the wall W e is a copy of the universal cover of E = T.e € <f!^, which is 
isometric to either E 3 or E 3 x [0,e], and we call it of type E. Each strip 5( e ,e') is 
a copy of the universal cover E 2 x [0, 1] of the cylinder C contained in the vertex 
V = r.(ene') e 'f^ and shall be called of type C. How each strip is glued along 
its boundary components to exactly two walls can be seen as follows: We identify £f 
with a fundamental domain of the T-action on Sf and consider 7r 1 (y) = T^(V) and 
t^i(E) = T^(E) to be subgroups of T. Now, let e and e' be edges which a common 
vertex v. Then there are 7, 7' e V, E, E' e <#5f and V € 'Y^ such that e = J.E, v = j.V, 
e' = 7' .E' and 7'7 _1 e T v ; the elements 7 and 7' are unique up to A e nA e , = A„. Since 
E and E' are adjacent, they are incident to a cylinder C cV. 

Each wall W e is the minimal displacement set of A e which acts cocompactly by 
translations on the E 3 -factor and trivially on the interval-factor in case e is a thickened 
wall, i.e., of type £^ or E^. The boundary component of 5( e e ') covering E n C 
is precisely the convex hull of a A„-orbit in W e . We refer to this two-dimensional 
affine subspace as the fringe C of 5( e e /) in W e . Let e±, ei and be subsequent 
edges in v\ and V2 the vertices in between and Si = 5( e . the strips incident 
to the wall W = W e2 . Since, by Proposition [71 A Vl and A V2 are incommensurable 
subgroups of A e2 , the fringes CZy = S± n W and = £2 n VV are, possibly after an 

9 Although the vertices Vo~ an d Vq each contain two cylinders, their respective fundamental groups 
coincide in 7r 1 (Vo ± ). 
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appropriate projection onto the E 3 -factor of W, non-parallel affine hyperplanes; hence 
they intersect in a line. In case W = E 3 , define £^ = C w n and if W is of either 
type £?2 or tyP e denote the intersection of the appropriate projections of the 
fringes along the interval factor of the wall by £^ ^ E 3 x {0} and ^ E 3 x {e}. 

The convex subspace Y £ = Vq u V{ u u V§ in 1^ is a metric product Y~ x S 1 : 
The 7j and 7" generate an $ 1 -factor in each torus or cylinder in Y~, and according 
to the relations (|4.ip these spheres are parallel. Similar to Y £ itself, its subspace Y~ 
consists of five (thickened) flat 2-tori E^ and E x which are amalgamated along the 
boundaries of five cylinders and C~. This defines a subgraph of & with four 
vertices V ~ = Eq uCq uE^uC~ uE x , Vf = E^uC^uE M and four edges £q = V^nVf. 
Let r^-(_) denote the associated graph of groups. 

Remark: Anticipating a notion introduced in section [5] we have A£ = (7") for a lift e 
of E\- Therefore the subtree ^(e), to be defined in Proposition [TUl is isomorphic to 
the Bass-Serre tree of 

The canonical generators of the fundamental groups of the 2-tori, represented by 
the coordinate lines, will still be denoted by a~ and f$~ , indexed according to the edge 
containing them. For the fundamental group T and the universal cover X £ of Y~ we 
have that X~ x E = Minx £ (7x ) and f = ir 1 (f^-(_)) = Cr(7* Hence X; is a 

locally compact Hadamard space upon which T acts admissibly of rank 2. For any 
e ~Z the geometric data on Xq and X~ are equivalent. In fact, we may regard X £ as 
a convex subspace of X £ . Any two lifts of X £ to X e are isometric by either a multiple 
of 7^ or an element in T \ Cr(7x )■ 

Analogous to the geometric decomposition we discussed at the beginning of this 
section, we decompose X £ into walls W = E 2 or W = E 2 x [0, e] and strips S = Ex [0, 1]. 
Let and C\ the fringes of two strips und 5j incident to a wall VVj. Denote 
the intersection of their projections to the E 2 -factor of the wall by d i or oJ L e and 
6^ e depending on whether VV i has a trivial intervall factor or not. Since the 
fringes are axes of the central elements in the vertex-group, they are oriented by 
our choice (14, ip of representatives in the cylinders: A point in a fringe is said to lie 
above b i if it is a positive multiple of the translation by the chosen generator of the 
center. 

The spaces Y £ + , Y £ , X £ and the subgraph ^ + are defined accordingly and we have 

) --,(>••). 

The quasi-isometry $ £ obviously preserves the type of each wall. In particular, for 
thickened walls <£ e coincides with the canonical embedding E 3 x {0} ^ E 3 x [0,e]. 
Moreover, <£ e is compatible with the decomposition Xq x E and splits as a product 
& £ x id E ; its first factor is a T-equivariant quasi-isometry which, for sake of simplicity, 
we will denote by $ £ as well. 

REMARK: The quasi-isometry $ £ is a universal template map in the following sense: 
Since each wall in X £ is two-sided, we may associate to any geodesic ray the sequence 
of types of walls it intersects. The subspace of the corresponding walls and strips in Xq 
is a template in the sense of |CK02l Chapter 4] with the restriction of $ e constituting 
its template map. 
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4.4. Special segments 

We will now construct a sequence of segments which shall later be utilized in proving 
that, for positive 5, the quasi-isometry <I> 5 does not extend continuously to the virtual 
boundary of Xq. 

First of all we define a geodesic ray in X~ whose projection to X~ intersects the 
edges £7 in cyclic order. To that end let P2 = (0,0,0; 0)2 6 E^ , p\ = (0,0, 0;£)2 £ E^, 
p 3 = (0,0,0;e) 3 6 E 3l p + 3 = (0,0,0; 0)3 e E 3 , and Pi = (0,0,0; 0)7 e E- for i e {0^1} 
and denote the respective projections to Ef by pf; then P2V2 u P2P3 u P3P3 = t>2V\- 
We define c~ to be the geodesic representative 10 of 

[Pi u (a 2 ^ 2 ) 2 u (a 3 ft )" 2 u^] ^x{Y~) . 

Figure [A] depicts the loop Cq in the fundamental domains of relevant 2-tori and 
cylinders in Yq . 

a 3 a 2 

1 * 71 1 * 1 ; * 7. 

I - a - / II i i - a - / i 

l a 3P3 I I i \ a lPl ' i 




Figure A: The dashed or dotted lines of adjacent fundamental domains are 
identified. Cq is drawn bold and decorated with double arrows. 

For a lift 11 o e 7r _1 (p ) we let c~ be a lift of c~ to X~ starting at o . Then 
the geodesic ray c~ intersects a sequence of walls >V , VVq, VV 2 , VV 3 , VV 4 , VV 5 , ... of type 
Eq ,E±, E2 ,E^,Eq , _Z?7, . . . resp. in order. Denote the fringe between >Vj and VV i+1 

by s { . 

10 This corresponds to (ot^K ) 2 Tjj;- (ajj/JT ) 2 in the presentation of f = ty 1 (f (_); «if ~ \ ). 

11 Any lift of pf is an intersection of two fringes since pf is the intersection of two cylinders adjacent 
to Ef. 
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In a next step we will compare the geodesic ray with the quasi-isometric image 
of Cq in the universal cover XT . We will show, in particular, that Cq is strictly shorter 
than c$ . Figure [B] is a draft of the walls and strips the ray c$ traverses and the run 
of cT and <j? 5 o Cg therein. Since X~ is piecewise Euclidean, any geodesic is linear on 




Figure B: The arrows indicate the translation vectors of the generators orienting 
the strips. The intersections of the fringes in strips with odd indices 
are shifted along the real factor by twice the translation length of either 
a 2 /3 2 ~ al or a 3 P 3 ~ a . 



the walls and strips. As is easily seen from the relations 14. 1| the fringes in any wall 
intersect at an angle of ±f . For reasons of symmetry the geodesic segment from o to 
05 passes the center axis C of the strip £2 at an angle of ^ (see Figures [B] and [C|) . 
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Figure C: A broken geodesic parametrised by the distance s that q (s) lies above d\. 

First of all, consider the geodesic segment from 6 1 and the orthogonal projection 
g ( j = prj(o 1 ) of d 1 onto C. Any geodesic segment from d\ to C will intersect the 
fringe C 2 at a P om t q~ . Thus the geodesic segment from a point q~ € C 2 to its 
projection pr^gT) onto C traverses the wall VV 2 and the strip S 2 orthogonally to the 
fringe C 2 . It therefore suffices to minimize the length of the broken geodesic segment 

01<7~( S ) u Q~{ s )Qg( s ) c X~ where q~(s) is the point on £3 ly m g at distance s above 
the projection of d\ onto L 2 (see Figure [C]). A straightforward calculation shows the 
lengths L(e,s) of these paths to be strictly convex in s. Therefore L(e, .) attains a 
minimum at some s £ £ (0, 1]. Furthermore, L(e,s E ) is strictly increasing in e. 

Secondly, an easy 6i//mrc/-argument shows that for any s e [— 1, 1] the segment 
doq~(s) does indeed contain the point 61 (see Figure ID]) . 




Figure D: Geodesies starting at do either intersect £ 2 too far beyond di 
(for small 8) or eventually stay in VVi (for \6\ ~2 j). 
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The preceding discussion shows that the difference of the lengths 1$ = l(c$) = 1 + 
2L(5, s$) and l = 1(£q) = 1 + 2L(0,s ) of d Q o 4 in X$ and Xq resp. is strictly positive. 

Utilizing the properties of the geodesic rays c e in X e we are about to construct a 
sequence of geodesic segments c £jn in X e . These segments start in X~ and end in X* . 
In each subspace c £jn will n-times intersect Eq,Ei,E2 and E% in cyclic order. Let 
x £ = (c~(0),0) e X~ x E c X £ for e ^ 0. We may assume that & £ (x ) - x e . For any 
n/ e the geodesic segment c~|j- 0r jj ends at a point b\ n e TT ^iPo), i- e -> ^ n a f rm ge of 
the strip S~ n of type C~. It therefore can be extended, as a geodesic segment, by a 
segment of length 1 into the strip S x n traversing it parallel to its interval factor. Its 
endpoint q £n then lies in a fringe C xn in a wall W x n of type E x . 

The product path c £ (0)q £n x id]E is a geodesic segment of constant velocity and hits 
a fringe £~ n in a wall W x „ of type i£ x at a point q £ n at time n/ e + 1. This may then 
be extended into the wall W x n traversing it orthogonally to the axes of a x and at an 
angle of j with both 7 X and 7 X (see Figure lEj) . Since <3? £ maps W x , n isometrically to 
a wall of the same type, the quasi-isometric image of this geodesic segment is linear 
within W x ,n an d its angles with the axes are preserved. The points qT and &$(qQ n ) 
lie on the same axis of 7 X in £ xn , and each fringe covering E x n C x is orthogonal 
to the axis of 7". We now choose a fringe C xn covering E x n C x of distance less 

c + 

Wx 




Figure E: The extension of a segment c s \^ n j i xid E and the quasi-isometric image 
within the wall W Xi „ c Xg. 

than \/2 above q$ n with respect to 7". The point ^(gg n ) then lies at a distance 
n(l s - f ) below g^. By choosing points x n e 7r _1 (p5) c X and a; an = $ 5 (x n ) e X 5 
we construct a corresponding sequence of geodesic segments in Xq and Xt such that 
their endpoints qt and ^((/o n ) come to lie on the same axis of ~f x in the fringe C x n 
defined above, having the same distances to C x n = C~ ra n C x n as q7 and <I> (5 (q , Q n ). 
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Since the fringes C x n and n in W x n are orthogonal (see Figure lEj) . 



c 0,n - x 0%,n U %,n%,n U ^0,n X 0,n 



and 



c 5,n = ^OoKn u V^,n U <AOo,n) 



are geodesic segments. 



4.5. Linear divergence 



Concluding this section we will prove that the quasi-isometry violates any sublinear 
estimate as in [CK02, Lemma 2.5] and does not extend continuously to the virtual 
boundary of Xq. 

By our choice of the fringe n we have 



and 



K%n) = 2^(^(0)^ x id E)+d Xs (q Sn ,ql n ) 
^ 2v / 2(n£ (5 + 1) + 2 , 

= s/2d Xs ($ 5 (qo >n ),£ n x>n ) 

= V2(d Xs (<S> 5 (q 0n ),q Sn ) + d Xs (q Sn ,£x n )) 

$ V2n(l s - l ) + 2 



yields 



< 2\/2(n/ + 1) + V2n(l s - l ) + 2 
= nV2(l s + l ) + 2(1 + V2) • 



The midpoint m £ n of c e n is also midpoint of q e n q% n ; hence <& s (m n ) is the midpoint 
of ^silo^s^ln)- Note that P^J^Oo.n)) = m 8,n- Hence 

^( $ 5( m 0,n)> c 5,n) = -^<iX 8 (*f(go,n)>9j,n) = ^=(k - k) ■ 

Thereby the distance between the paths &s Co,n an d c$ jTl within the wall W x ,n 
increases linearly in n. Furthermore, 



l + I^J " l + ^ft + r o ) + l + V2'i>io + 5 



implies that there is no real function 9 vanishing at infinity such that for all x,y € Xq 
and z G xy the sublinear estimate 



d Xs ($ s (z),® s (x)$ s (y)) 4l + d Xo (z,x)) e(d Xo (z,x)) 
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holds. Consequently, the generalized geometric data carry insufficient geometric 
information as to prove a generalization of [CK02, Theorem 1.3]. Moreover, geodesic 
rays or segments in X s cannot be modeled on templates as in [C K02] Theorem 5.1]. 

PROPOSITION 9: The quasi-isometry <I>5 does not extend continuously to the virtual 
boundary of Xq. 

PROOF: The sequence x £n converges to a point p £ in d 00 X £ since for any k and all 
n ^ k the geodesic segments c £ k and c £ n , reparametrised to arclength, coincide up to 
time \plkl e . Hence for x' £ k - x £ £ £ (\/2ki £ ) we have x' £ k = c £ n (\f2kl £ ) for any n ^ k. 
Regarding (c^(0),0) as the point of origin in Minx 5 (7x) = X$ x E let y Sn denote the 
point & s (x' 0n ) = (d^ k ,kl ) e [C^k n ^4fc) x ^ with respect to the splitting. For the 
constant speed parametrization of the segment x s y s on the interval [0,ni 5 ] we have 
x s y s n (klg) - Usk f° r an k ^ n. Therefore the sequence y Sn converges to a point 
t) s € d^Xg. Since c Sn and <& s ocQ n are parallel within S~ n u W x n u 5j >n , we have 

d X e ( x 6,n>V6,n) = d Xs( q 5,n>®s(%,n)) = n (h ~ h) > (h ~ ^o) > °- Hence & * whereas 
any continuous extension of m fo would yield equality. ■ 

5. Retrieval of geometric data 

After having demonstrated that equivalence of the geometric data of two admissible 
rank 3 actions is not sufficient to ensure boundary stability we will discuss as to what 
extent the homeomorphism class of the virtual boundary determines the equivalence 
class of the geometric data. It will be shown that the geometric data of two admissible 
rank 3 actions are, for the most part, equivalent if an equivariant quasi-isometry 
extends continuously to the virtual boundaries. 

In what follows, let T ^ X be an admissible action of rank 3; i.e., T acts 
geometrically on a locally compact Hadamard space X and there is a T-tree & with 
at least one edge such that the following conditions are satisfied: 

(i) Any vertex stabilizer T v is an extension of a non-elementary hyperbolic group 
by a free abelian group A„ < T v of rank 2. 

(ii) Any edge stabilizer T e is a finite extension of a free abelian group A e of 
rank 3 and the isotropy groups of two edges incident to the same vertex are 
incommensurable. 

(hi) For any edge e the subgroup generated by Ag- e Ag+ e has finite index 12 in A e . 
(iv) The families {A. v } v ^^r and {A e } e6 #^ are T-equivariant. 

5.1. Generalized blocks 

First of all, we construct a family of subspaces in X, each splitting off a factor that 
allows for an admissible action of rank 2, to which we can apply Theorem 1.3 in 
[CK02] . 

12 This is equivalent to Commr(Au) = V v for all v e Y. 
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PROPOSITION 10: For any edge e* of ST there exists an infinite cyclic subgroup A in 
Ag- e * n Ag+ e * such that the action of f = ^r\A)/A on the non-Euclidean 13 factor of 
Minx (A) = X x E is admissible of rank 2 and its Bass-Serre tree !y is a subtree of 2? . 

PROOF: For each edge e of 2T the subgroups Ag- e and Ag+ e in A e are incommensurable 



as per condition (iii) hence their intersection A" = Ag- e n Ag+ e is infinite cyclic. 

The subgraph & defined by {e e $2? | A" ~ A"*} is a tree containing at least the 
one edge e* and upon which T* = Commr(A"») acts with finite quotient 3f = ^/T*' 
For an edge e in 2? let {v§e\V\ . . . v n -\e n v n ) be the minimal reduced path from e - e± 
to e* = e n in & . For any 1 < j < n we then have 

A£* ~ A" n A"* < T n r < T n r e .n T e . ~ A nA„. = A£. . 

» 2-1 J 3+1 2-1 J 2 

Hence ^ is connected. Moreover, A" = 7 A e 1 ~ 7 A"* ~ A", holds for any e e and 
7 G r*. Thus is r*-invariant. Let e be an edge of 3^ and, on the other hand, 
7 e r such that 7.e 6 then A"* ~ A" e = 7 A" ~ 7 A"* and 7 is actually contained in 
r*. Therefore the canonical map ^T* -*■ ^/T is injective; hence the quotient 3?lT* is 
finite. 

Let y be a connected fundamental domain 14 of the reaction on £F . Then 
A = rieed^Ag is a cyclic normal subgroup of T*: Since S" is finite, A and A", are 
commensurable and A is infinite cyclic. After choosing a maximal subtree in 5? 
the set £ = {r e | e e s u U^^y F* forms a system of generators 15 of T*; see 

section [2T2l It therefore suffices to show that S c N r (A): Let ^ be a generator of A and 
cj e S. Since A and ° A are commensurable and the translation distance of £ is positive 
and invariant under conjugation, there exists a k e IN such that = £ ±fe . In case 
a e T* for some vertex v in 5? , we have CT £ e ° A v = A a v = A v . If otherwise a = r e for an 
e e <£y \ SS^q, the vertex v = <9 + (r e .e) lies in and we have r <=£ e Te Ag = A" e < A v . 
In either case, there exists a vertex u e "¥5? such that <= A„. Therefore £ and 

77 = 1 commute. In particular, 7/ fc £ fc = (?7^) fc = = £ ±/c ; hence = £ ±:L and 

ct a = a/ 

It remains to show that the induced action of f = N r (A)/jY on the non-Euclidean 
factor of Minx (A) = X x E is admissible of rank 2. First of all, F acts geometrically 
on X. From the discussion above it follows in particular that A is contained in the 
isotropy subgroup of any simplex of 3*. Hence f acts on 3? with f a = (r a n Nr(A))/^ 
for any edge or vertex a of £? . Let v be a vertex of 3?. With A < A^ we deduce from 
A^ < Cr(A^) < Cr(A) ~ N r (A) = T* that, for one, A„ is a normal subgroup of T* and, 
secondly, that F* has finite index in r„. Since A-v/ A is virtually infinite cyclic we find 
therein an infinite cyclic characteristic subgroup A„ of finite index. The induced action 
of = F-u/A on the hyperbolic space Y v is geometric because A„ is a finite extension 
of ^v/A ■ Since Y v has more than two ends, A v is non-elementary hyperbolic and 



i) holds. A similar argument shows A e < r*. Consequently T e contains the virtually 



free abelian rank 2 subgroup A e j \ with finite index; hence we have shown (ii) Both 



13 X does indeed contain the non-Euclidean convex subspace Yg- e * . 

14 This is to be understood in the strict sense, so y might not be a subgraph of & . 

15 For an e s £5? \ £<5"a the element r e acts as a translation of a geodesic in through e. 
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commensurability conditions follow readily from the fact that two subgroups in f 
are commensurable if and only if this holds for their lifts. The family is obviously 
P-equi variant. ■ 



We hereby obtain, for each edge e of a locally compact Hadamard space X(e) 
with an admissible rank 2 action by a group f(e) with Bass-Serre tree &(e). 

5.2. Stability under quasi-isometries 

Let r ^ X and r ^* X' be admissible actions of rank 3 and <& an equivariant quasi- 
isometry from X to X' which extends to an equivariant homeomorphism of the 
virtual boundaries. 

For any edge e of & the actions T(e) ^* X(e) and r(e) ^* X'(e) are, according to 
Proposition [TUl cocompact. Consequently X = X(e) and X' = X'(e) are equivariantly 
quasi-isometric as well. We are about to deduce the equivalence of the geometric data 
of the actions r ^* X und T ^ X' by applying [CK02J Theorem 1.3] to the induced 
rank 2 actions on the subspaces X and X' respectively. To that end, we have to show 
that any equivariant quasi-isometry between these subspaces can be extended to a 
homeomorphism of their virtual boundaries. 

Let A = A(e) denote the infinite cyclic subgroup of A£ constructed in Proposition 
[TU1 It follows from Corollary [3] that $(Min x (A)) and Min x ,(A) have finite 
Hausdorff distance. The image of 9 00 Min^(A) under is therefore contained in 

Min^,(A). The product decomposition Min^(A) = XxE yields a homeomorphism 
c^Min^A) = Xc^X; an analogous statement holds in X' . Since the real fibres in 
Minx (A) an d Minx'(A) are the convex closures of the A-orbits, the equivariance of 

implies that the image of any E-fibre under $ lies in uniformly bounded Hausdorff 
distance to an E-fibre. With respect to the aforementioned homeomorphism the poles 
of the suspension S d^X' do therefore correspond to the images of the poles of E d x X 
under 9^$. 

In what follows, we will denote the coordinates of an x e Min^(A) with respect to 
the splitting Min x (A) = X x E by (x,t x ). After fixing basepoints x e Min x (A) and 
y Q = Q(x ) we may assume that x = (x ,0) and y = (y ,0). 

LEMMA 11: The map <I> = pr^/ °P r Min x ,(A) ®\x * s a f-equivariant quasi-isometry and 
induces a P-equivariant homeomorphism from d^X onto d^X' . 

PROOF: Whenever $ satisfies an (L, A)-Lipschitz condition, the same holds for $ 
because any projection has Lipschitz constant 1. Since A acts cocompactly on 
the E-fibres, there exists a constant C such that for any x e X x {0} there is a 
7 X . 6 A with d x , 7 x .. < I ) (x)) ^ C. For all x,y e X x {0} we therefore have 

djt' (^(^)) *(y)) ^ ^ 1( ^x y) _ ^ _ 2C. It is easy to check that ^(X) is quasi-dense 
in A'. The P-equivariance follows immediately from the T-equivariance of <I>. 

Since $ extends continuously to c^X by assumption, it suffices to show that for 
a sequence y n = (y n ,t n ) in Minx'(A) with lim n _ ) . 00 y n - X) e c^^c^X) the sequence 
y n in A' converges to an fj e d^X' . For any such sequence and for any R > 
the sequence n h> = pr^ / \(y n ) is convergent as well. Since rj is not a pole 
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of the suspension and, for suitable n(R), the sequence y^r R \ does also converge to 
t) as R tends to infinity, we can, for any r > 0, choose R > and N such that 

d x'(yoiP T x'(yN+k)) > r llolds for a11 k - With d x'(yo,y n ) = \J d x ,(m,y n ) 2 + \\tn\\' 2 

tending to infinity, d x ,(y ,y n ) is unbounded as well. Thereby we have for sufficiently 

large N that prg^ )(y N+k ) = P r B r (y ) (P r X'0/$+fc)) for a11 k - Since projections onto 
convex subspaces are distance non-increasing, y r n = pr^ ^ ^(y n ) is a Cauchy sequence. 
Hence y n converges in X to a fj e d^X' . 

Let c denote the parametrization of yoO by arclength. Then c = pr^, ° c is a 
parametrization of the ray y^X) with constant speed yl - dx'(X' , c(l)) 2 . Now, let 
c denote the parametrization of yof) c -a' by arclength and be pi,P2 6 with 
9 00 $(p 2 ) = d x ^(n) = i)- Then there are 9 h 9 2 e (-f,f) such that for t e {1,2} 
the geodesic ray Cj : t h> (c(tcos#j),tsin#j) is a representative of (^^(pj). After 
choosing an equivariant quasi-inverse of $ we find sequences x n in Min^A) and 
7 n in A such that \im n ^ oc x n = j x and lim,,^ j n .x n = y 2 . Since y 1; j: 2 e d^A and 
pr^.(x n ) = pr^.(7 n .x n ) holds for all n, we have y x = p 2 . Hence c^,^ is injective. 

A similar argument shows that is surjective and its inverse is continuous. 



5.3. Equivalence of geometric data 

Let v be a vertex of 3F and e any edge incident to it. Then, by |CK02| Theorem 1.3] 
and Lemma [TT| the geometric data in the sense of CROKE and KLEINER of the actions 
r(e) ^ A(e) and T(e) ^ A'(e) are equivalent, i.e., for any vertex w in & there exist 
positive constants X(w) and fj.(w) such that MLS^ = A(u;)MLS u; and f' w = fi(w)f w . 

Since A = A(e) is central in A„, we may regard the non-Euclidean factor Y v of 
Minx (A^) as a subspace in X. The construction of the action T ^ X shows that 
there is a subgroup A^ of finite index in A„ such that ^- V /A - A„. We may therefore 
assume that Y v is contained in the non-Euclidean factor Y v of Min x (A v ). Now, fix a 
7 e Since C r (A v ) is a subgroup of N r (A) and has finite index in T v , T v n Np(A) 
has finite index in T v as well. Hence there is a k e IN for which j k - 7 A e T v , so 
MLS„(7) = k^MLS^) holds. The map MLS„ defined on T v is therefore uniquely 
determined by MLSt,. Consequently the geometric data MLS and MLS' are equivalent. 

Furthermore, the geometric data T^ and T' v coincide for all those vertices v which 
are contained in the intersection of distinct subtrees &{e\) and ST^e?): Let v be a 
vertex of 3~ with adjacent edges e 1 ,e 2 such that A^ and A£ are not commensurable 16 . 
By applying Proposition [10] to the edges e l and e 2 we obtain for each i an infinite 
cyclic subgroup Aj < A", such that the induced action of the quotient f j = Nr(Aj)/^ 
on the non-Euclidean factor X{ of Minx(Aj) is admissible. Let A^j denote the infinite 
cyclic subgroup of A^ / we constructed in the proof of Proposition [10] For each i 
we choose a generator of A„ j. Since Cr(A„) is a subgroup in each Nr(Aj) n T v , the 
second geometric data in the sense of |CK02] then correspond to Aj-invariant maps Tj 
from Cr(A v ) to E. 

16 In case there were no such vertex, there existed an infinite cyclic subgroup A in T with finite index 
centralizer in V and the Hausdorff distance between X and Min x (A) = IxE were finite. 
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As in section [3721 we regard the two-dimensional Euclidean factor ~E V of Minx(A„) 
as the real vector space A v <8>^ K, with the metric < . , . > induced by the quadratic 
form £ \C\x- A pair of generators £1 and £2 of Ai and A2 resp. is then linearly 
independent because Ai and A2 are not commensurable. For each i let Wi e E„ denote 
a unit vector in the orthogonal complement of £j such that for a lift Q of the generator 
of A Vj i, chosen to define tj, the bases (wi,£i) and (Ci^i) have the same orientation. 
Thereby we may identify r, with the linear functional 7 >-*■< 7e, W{ > on E v , where 7e 
denotes the translation vector of 7 on E„. Especially Tj(£j) = and Tj(£j) * for j # i 
since £1 and £2 are linearly independent. The preceding discussion holds analogously 
for X' and in what follows, primed labels are to be understood referring to it. 

The virtual boundaries of X\ and X[ as well as X2 and X' 2 are equivariantly 
homeomorphic by Lemma [TT1 Thus, according to [CK021 Theorem 1.3], there exists 
for each i a positive constant /Xj such that t[ - fur^ For 7 e Cr(Ay) let (h\,h^) and 
(h'^h'^) denote the coordinates of the translation vectors 7e and 7 E with respect to 
the Basis {^1,^2}- For h3 with i + j we then have 7^(7) =< h\£i + hi^i^i >= hjTi(£j) 
and 7-/(7) =< h'^ + h'^w', >= h'^). The equality h'rf^) = r/( 7 ) = ^(7) = 
HihjTiiij) = hjTl(^) then yields h'j = hj since r/(£ ) = Mi T i(£j) * 0- Thus, after 
possibly changing the basis 17 of E„, we have T„(7) = (h 1 , h 2 ) = (h^jh^) = ^(7). 

The geometric data T^ and T^ ^ therefore coincide at any vertex adjacent to 
consecutive edges e,f with &(e) t &(f). 
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